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bstract
In this work, we transform a weakly singular integro-differential equations with logarithmic kernel to singular integral equations
f Cauchy type and we prove by regularization the existence and uniqueness of the solution of this equations. Numerical examples
llustrate the effectiveness of this new technical methods.
 2016 The Author. Production and hosting by Elsevier B.V. on behalf of Taibah University. This is an open access article under
he CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
eywords: Weakly singular integral equation; Singular integralequation; Approximation theory; Regularization; Collocation methodsontents
1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 00
2. Main results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 00
3. Numerical experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 00
4. Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 00
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 00
.  Introduction
Many classes of singular integro-differential equa-
ions are currently used in many fields of engi-
dynamics, biological models, control theory of finan-
cial mathematics, aerospace systems and industrial
mathematics [1].
The singular integro-differential equations with loga-Please cite this article in press as: M. Nadir. A new technical for
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eering mechanics with applied character, as fluid
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C BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).rithmic kernel are further applied in different problems of
elasticity theory, aerodynamics, mechanics, this kind of
equations has gained a lot of interest in many application
fields, in particular their numerical treatment is asked solving a weakly singular integro-differential equations, J.
.011
ehalf of Taibah University. This is an open access article under the
[2]. While several numerical methods for approximating
the solution of Volterra integro-differential equations
and Fredholm integro-differential equations are known
[3,4].
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It is known that, the most effective methods for
the approximate solution of weakly singular integro-
differential equations consists in their reduction to a
system of linear algebraic equations by the replacement
of the integral with a proper quadrature sum [5–7].
Consider the weakly singular integro-differential
equation of the form
a(t0)ϕ(t0) − 1
πi
∫
Γ
ln(t  −  t0)ϕ′(t)dt  =  f  (t0),  (1)
where Γ  designates a smooth-oriented contour; t and t0
are points on Γ  and f(t), a(t0) is a given function on Γ
with condition a(t0) /=  0, the density ϕ(t) is the desired
function has to satisfy the Holder condition H(μ) [8].
Eq. (1) can be put in the form of functional equation
a(t0)ϕ(t0) −  ADϕ(t0) =  f  (t0),  (2)
with the linear mappings A  and D  respectively given by
Aϕ(t0) = 1
πi
∫
Γ
ln(t  −  t0)ϕ(t)dt,  Dϕ(t) =  ϕ′(t).
(3)
In this work we prove the existence and the unique-
ness of the solution of Eq. (1) and solve it numerically.
Let ε  > 0 be a sufficiently small number and describe
around t0 a circle centred at t0 with a radius ε this circle
intersects the curve Γ  in the two points t1 and t2 such that
the arc lengths t1t0 and t0t2 are equal to ε and denoting
by Γ ε this part of Γ  limited by t1t2.
2.  Main  results
Theorem  1.  Suppose  that  the  function  ϕ(t) ∈  W1(Γ  ), t
and t0 are  points  on  the  smooth-oriented  contour  Γ  then,
Eq. (1) given  by
a(t0)ϕ(t0) − 1
πi
∫
Γ
ln(t  −  t0)ϕ′(t)dt  =  f  (t0),
admits  a unique  solution  for  all  f(t0) in  the  given  space.
Proof. The integration by parts for the operator ADϕ(t0)
in (2) gives
πiADϕ(t0) =
∫
Γ −Γε
ln(t  −  t0)ϕ′(t)dt  =  ϕ(t1) ln(t1 −  t0) −  
=  ϕ(t0)[ln(t1 −  t0) −  ln(t2 −  t0)] +  (ϕ(t1) −  ϕ(t
Please cite this article in press as: M. Nadir. A new technical for
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The expansion ϕ(t0)[ln(t1 −  t0) −  ln(t2 −  t0)] con-
verges to πiϕ(t0) as ε converges to zero [8], on the
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(t2 −  t0) −
∫
Γ −Γε
ϕ(t)
t  −  t0 dt
t1 −  t0) +  (ϕ(t2) −  ϕ(t0)) ln(t2 −  t0) −
∫
Γ −Γε
ϕ(t)
t −  t0 dt.
(ϕ(t2) −  ϕ(t0)) ln(t2 −  t0) converge to zero as ε  goes to
zero. Hence the integral becomes
ADϕ(t0) = 1
πi
∫
Γ −Γε
ln(t  −  t0)ϕ′(t)dt
= ϕ(t0) − 1
πi
∫
Γ
ϕ(t)
t  −  t0 dt.
Therefore Eq. (1)
a(t0)ϕ(t0) − 1
πi
∫
Γ
ln(t  −  t0)ϕ′(t)dt  =  f  (t0),
is transformed to the following equation
(a(t0) −  1)ϕ(t0) + 1
πi
∫
Γ
ϕ(t)
t −  t0 dt  =  f  (t0).  (4)
Eq. (4) admits a unique solution for all second mem-
ber with conditions a(t0) /=  0, and a(t0) /=  2, that is to
say, Eq. (1) admits a unique solution all second member.
3.  Numerical  experiments
In this section we describe some of the numerical
experiments performed in solving the weakly singu-
lar integro-differential equations (1), using collocation
methods with the approximation technical in [5,7]. In all
cases, the curve is taking the unit circle and we chose
the right hand side f(t) in such way that we know the
exact solution. This exact solution is used only to show
that the numerical solution obtained with the method is
correct.
In each table, ϕ represents the given exact solution
of the weakly singular integro-differential equations and
ϕ˜ corresponds to the approximate solution of the equa-
tion produced by the approximation method for singular
integral with logarithmic kernel in [5,7].
Example  1.  Consider the weakly singular integro-
differential equation on the unit circle Γ
(t20 +  1)ϕ(t0) −
1
πi
∫
Γ
ln(t  −  t0)ϕ′(t)dt  =  t40 +  t30 + t20, solving a weakly singular integro-differential equations, J.
.011
where the function f(t0) is chosen so that the solution ϕ(t)
is given by
ϕ(t) =  t2 +  t + 1.
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Table 1
The exact and approximate solutions of Example 1 in some arbitrary points and the error.
Points of t Exact solution ϕ Approx solution ϕ˜ Error
1.00e+00 3.00e+00 3.00e+00; +8.88e−16i 1.25e−15
3.09e−001; +9.51e−01i 5.00e−01; +1.53e+00i 5.00e−01; +1.53e+00i 4.44e−16
−8.09e−001; +5.87e−01i 5.00e−01; −3.63e−01i 5.00e−01; −3.63e−01i 4.17e−15
−8.09e−001; −5.87e−01i 5.00e−01; +3.63e−01i 5.00e−01; +3.63e−01i 1.75e−15
3.09e−001; −9.51e−01i 5.00e−01; −1.53e+00i 5.00e−01; −1.53e+00i 1.51e−15
Table 2
The exact and approximate solutions of Example 2 in some arbitrary points and the error.
Points of t Exact solution ϕ Approx solution ϕ˜ Error
1.00e+00 2.54e+00 2.54e+00; +1.64e−04i 3.34e−04
3.09e−001; +9.51e−01i 3.41e+00; −3.34e−01i 3.41e+00; −3.34e−01i 5.04e−04
−8.09e−001; +5.87e−01i 2.81e+00; +4.50e−01i 2.81e+00; +4.50e−01i 3.92e−04
−8.09e−001; −5.87e−01i 2.81e+00; −4.50e−01i 2.81e+00; −4.50e−01i 4.00e−04
3.09e−001; −9.51e−01i 3.41e+00; +3.34e−01i 3.41e+00; +3.34e−01i 4.99e−04
Table 3
The exact and approximate solutions of Example 3 in some arbitrary points and the error.
Points of t Exact solution ϕ Approx solution ϕ˜ Error
1.00e+00 1.0000e+000 1.00e+00; −1.88e−04i 3.06e−04
3.09e−001; +9.51e−01i 3.09e−01; −9.51e−01i 3.08e−01; −9.51e−01i 3.06e−04
−8.09e−001; +5.87e−01i −8.09e−01;−5.87e−01i −8.09e−01; −5.87e−01i 3.06e−04
− i
3
t
t
s
E
d
2
w
i
ϕ
t
t
s
E
d
58.09e−001; −5.87e−01i −8.09e−01; +5.87e−01
.09e−001; −9.51e−01i 3.09e−01; +9.51e−01i 
The approximate solution ϕ˜(t) of ϕ(t) is obtained by
he solution of a system of linear algebraic equations by
he replacement of the integral with a proper quadrature
um for N  = 20 (Table 1).
xample 2.  Consider the weakly singular integro-
ifferential equation on the unit circle Γ
ϕ(t0) − 1
πi
∫
Γ
ln(t  −  t0)ϕ′(t)dt  =  2 cos t  +  4,
here the function f(t0) is chosen so that the solution ϕ(t)
s given by
(t) =  cos t +  2.
The approximate solution ϕ˜(t) of ϕ(t) is obtained by
he solution of a system of linear algebraic equations by
he replacement of the integral with a proper quadrature
um for N  = 20 (Table 2).
xample 3.  Consider the weakly singular integro-Please cite this article in press as: M. Nadir. A new technical for
Taibah Univ. Sci. (2016), http://dx.doi.org/10.1016/j.jtusci.2015.12
ifferential equation on the unit circle Γ
ϕ(t0) − 1
πi
∫
Γ
ln(t −  t0)ϕ′(t)dt  = 3
t0
,
[−8.09e−01; +5.88e−01i 3.06e−04
3.09e−01; +9.51e−01i 3.06e−04
where the function f(t0) is chosen so that the solution ϕ(t)
is given by
ϕ(t) = 1
t
.
The approximate solution ϕ˜(t) of ϕ(t) is obtained by
the solution of a system of linear algebraic equations by
the replacement of the integral with a proper quadrature
sum for N = 20 (Table 3).
4.  Conclusion
In this work we remark the convergence of the method
to the exact solution with a considerable accuracy for
the weakly singular integro-differential equations. This
numerical results show that the accuracy improves with
increasing of the number of points on the curve. Finally
we confirm that this method lead us to the good approx-
imation of the exact solution.
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